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Abstract-A unified approximate solution to the Marguerre-type equations for the titled problem
is formulated by the use of the Galerkin procedure. The corresponding flat-plate problem is treated
as a special case. Numerical results for fundamental non-linear free vibration and postbuckling
behavior of isotropic, orthotropic and symmetrically laminated cross-ply shallow cylindrical panels
are presented for various curvatures, in-plane forces, geometrically initial imperfections, and
geometries of laminations. Present results are compared with available data.

NOTATION

A22'A22 }
constants of a panel, see around eqns (3)

Qj,bj,fJ
"a, b length and arc width of a panel

CJHI, Fpq Fourier constants, see eqn (8)
c, c normalized constants, see eqns (9)

D flexural rigidity of an isotropic plate
Eu En GLT principal and shear moduli of an orthotropic layer or plate

F non-dimensional stress function, see eqns (3)
f function of non-dimensional time
h thickness of a panel
J constant, see eqn (20)

KR non-dimensional curvature, see eqns (3)
K~", L~· definite integrals, see Appendix

Ner,lIer dimensional and non-dimensional critical buckling loads per unit length in the direction of straight
edges, see eqn (25)

n"II,., ": dimensional and non-dimensional in-plane edge forces per unit length, respectively, see eqns (5)
R radius of a cylindrical panel
r ratio of in-plane edge forces
t time

W, W non-dimensional deflection and initial deflection, see eqns (3)
Wo amplitude of non-dimensional initial deflection

W•••, W... coefficients in eqns (6) and (7), respectively
»', »'...." K' deflection, maximum deflection and initial deflection, respectively

Xi' Yj orthogonal functions, see eqns (9)
x,y,: rectangular Cartesian coordinates
Pi,"ii coefficients, see eqns (10)

.5 10 15 2 'I5 J}
coefficients, see eqns (15)-(19)

£It £2

','I non-dimensional coordinates, see eqns (3)
,,, '" coordinates of the location at which w.... occurs

;. ratio oflength to arc width of a panel
p panel mass per unit area
T non-dimensional time, see eqns (3)
'" stress function

q,,,,, "'. orthogonal functions, see eqns (9)
w, wlO) non-linear and linear frequencies, respectively

wo linear frequency parameter, see eqn (21).
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Fig. I. Geometry and coordinate system of a shallow cylindrical panel.

INTRODUCTION

Non-linear vibration and postbuckling of elastic plates have received considerable attention
in recent years. A comprehensive review of the literature may be found in Ref. [1] or
elsewhere. Most of the existing solutions are restricted to uniform boundary conditions. In
the case of rectangular plates with mixed boundary conditions several non-linear solutions
in the sense of von Karman are available for isotropic[2], orthotropic[3,4], anisotropic{5]
and laminated composite[6, 7] materials. These results, however, are all restricted to bound­
ary conditions symmetrical with respect to the centre lines of a rectangular plate. Non­
linear solutions for rectangular plates with unsymmetric boundary conditions cannot be
found in the literature.

This paper deals with non-linear free flexural vibration of a symmetrically laminated
shallow cylindrical panel of geometrically initial imperfections with two adjacent edges
clamped and the other edges simply supported. The panel is subjected to in-plane tensions
along its four edges but not the tangential boundary forces. The dynamic Marguerre-type
equations adopted for the panel are expressed in terms of the deflection and the stress
function. A single-mode analysis is carried out and the stress function is represented by the
product of a time function and generalized Fourier series in terms of spacial coordinates.
The Galerkin procedure furnishes an equation for the time function which is solved by the
use of the perturbation method. The postbuckling behaviour of the panel is treated as a
special case.

GOVERNING EQUATIONS

Consider a shallow cylindrical panel of midsurface radius R, thickness h, length a in
the x-direction and arc width b in the y-direction as shown in Fig. I. The midsurface of the
undeformed panel contains the x- and y-axes. The panel is assumed to consist of n layers
of orthotropic sheets perfectly bonded together. Each layer has arbitrary thickness, elastic
properties, and orientation of orthotropic axes with respect to the plate axes. However, the
layers are so arranged that a midsurface symmetry exists. That is, for each layer above the
midsurface, there is a corresponding layer identical in thickness, elastic properties, and
orientation located at the same distance below the midsurface. Including the initial curvature
of the panel in eqns (2-167) of Ref. [I] and following the derivation for eqns (1-153) and
(1-154) of the reference, the dynamic Marguerre-type equations of the panel are obtained.
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Ignoring the in-plane and rotary inertia effects, these basic equations governing the non­
linear free nexural vibration of the panel of geometrically initial imperfections in the sense
of von Karman may be expressed in the following non-dimensional form:

w'e", +alAW.m~+ 2a2)' 2 w.,,~~ +a3)' 3 w.,~~~ +a4).4 w.~~~~

+).. 4 WII!i5 11 - ().. 2!DII ) [F.ee(KR + W"'I + W'l'I

+ F.,/~( W" + Wee) - 2F.i~( W,~ + W.,~)] =° (I)

F."'i -b I)"F.m~ +2b 2A2
F.,,~~ - b3A3F.i~~~ +b4A4F.~~~~
2- 2 - --=()"!An)[W.i~- W.,,(KR + W.~~)- W.~~(w,,,+ W.,,)+2W.i~W.,~] (2)

in which the subscripts preceded by a comma denote differentiation with respect to the
corresponding coordinates and coefficients ai, bi , DII and .122 are constants of the panel
given by the corresponding coefficients in eqns (5-201) and (5-202) of Ref. [I] and in which

(=:,
a

Y
'1 =b' t J 2r = b2 (Anh !p),

w
W=­

h
(3)

In these expressions w is the deflection, l1' the initial deflection, l/I the stress function, t the
time, p the panel mass per unit area, and A n the membrane rigidity of the panel in the y­
direction.

Two adjacent edges of the plate at , =°and at '1 =°are assumed to be clamped and
the other edges to be simply supported. The panel is subjected to biaxial edge forces per
unit length, nx in the x-direction and ny in the y-direction, but not the tangential boundary
forces. These boundary conditions for a symmetrically laminated cross-ply panel may be
written in the non-dimensional form as

W = 0, F.~~ = n" F.,~ =° at ,= 0, I

W = 0, F.•,., = A2m" F.,~ =° at '1 = 0, I (4)

where

W,I,I".-o =0,

r = n..'/n.\..

W.~I/J,/~ I =°

(5)

The system ofeqns (I) and (2) are thus to be solved in conjunction with boundary conditions
(4).

ANALYSIS

A single-mode analysis is carried out in this work. As usual a solution of eqns (l) and
(2) is sought in the separable form

M N

W = cf(r) L L WmncPm«()l/In('1)
m.n-I.3

M N

W = cWo L LWmncPm(Ol/ln('1)
m.n-I.3

(6)

(7)
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x x'

F = h('l2+ i, 2r(2) +f(r) 2::2:: CpqXp(O Yq('l) + f2(rY[ I FpqXp(() Yq('l). (8)
P.q~ I p,q= I

In these equations f is a function of T to be determined and <Pm, t/!m Xp, Yq , c and care
defined by

<Pm = cos (nm(/2) - cos (3mrc(/2)

t/!" = cos (nrclJ/2) - cos (3nrclJ/2)

Xp= cosh f3p( - cos f3p( - yp(sinh f3i - sin f3pO

Yq = cosh f3q'l-COS I3qlJ-yq(sinh f3q'l-sin f3q'l)

c = [n~=~3 Wmn<Pm«( ,)t/!n('lI)T I

(9)

where (I and IJ I are coordinates of the location at which the maximum deflection Wma,

occurs and cis obtained by replacing Wmn in the expression for c by Wmn' It may be observed
that each term in series (6) satisfies the out-of-plane boundary conditions given in eqns (4)
and that the first series in eqn (8) will disappear for geometrically perfect flat plates, The
prescribed in-plane boundary conditions require that

I - cos 13k cosh 13k = 0,
cosh Pk-COS f3k

Yk = sinh 13k-sin 13k . (10)

Functions Xp and Yq possess the orthogonality relations as follows:

II II {O, i#j
X;Xi d( = YjYi d'l = I . "

o 0 , 1= }
(II)

To evaluate the Fourier constants Cpq and Fpq in expression (8), eqns (6)-(8) are
substituted into the compatibility equation, eqn (2). Multiplying the resulting equation by
Xi Yi and integrating from °to I with respect to ( and IJ, the following two sets of algebraic
equations are obtained:

ex

Cij(f3'! +b4i,4f3J) - IICpq(b jAKTL~q - 2b2).2KifL~q+b3A3KrL)q)
p,q~ j

_ cCWoi, 2 " " "" W W (2KimrLins _ KimrLisn _ K"mLins)- A L.. L. L.. L.. mn rs 4 4 5 5 5 5
22 m.1I,r,5=1.3

-(cA2KR/Ad II WmnKi;'L)n i,j= 1,2,3 .. , (12)
m,n= 1,3

00

Fii(f3: + b4A4f3J) - I I Fpq(b j).KTL~q - 2b 2A2KifL~q + b3A3KifL)q)
p.q= I

in which Ks and Ls are definite integrals given in the Appendix. Fourier constants in eqn
(8) are thus determined from these two sets of equations.

The trail function (6) for W, the initial imperfection function (7) for Wand series (8)
for F satisfy the required boundary conditions (4) and compatibility equation (2) if
coefficients f3p and Ypand Fourier constants Cpq and Fpq are determined from eqns (10), (12)
and (13), respectively. With these expressions, however, eqn (1) generally cannot be fulfilled,
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As an approximation the Galerkin procedure is employed to furnish the following equation
for the time function:

(14)

where

£5 1 = fLLLL WjjWm"(KigL~"+al;'KtoL~"l
i,j,m,"= l.3

n 2 ~ [..
- jj LL LL WijCpq KRK'r3L'I/

C II i,jD 1,3 p,q_ I

+ cWo LL Wmn(KiilLV" +K~imL{": - 2KiifL{n~)J
m,n=I,3

£5 2 = ~).2 LLLL WijWmn().2rK~L{i+KtL~n)
II i,j,m,n- 1,3

(15)

(16)

+ LL (CWmnCpq+CWoWmnFpq)(KirIL,,/n+K~imL{n:-2Kt'fL{"nJ (17)
m,n-l,3

f:2 = ~).2 LLLL L}: WijWmnFpq(2KirfL{n~-Kt'IL,,/n-K~imL{n:)
II i,j,m,n- 1,3 p,q- 1

(18)

(19)

(20)

In these equations Ks and Ls are definite integrals presented in the Appendix.
If the linear frequency is denoted by co(O), the non-dimensional linear frequency,

denoted by COo, is related to colO) by

(21)

In the case when n, = 0 or r = Wo= 0 the relationship between the non-linear fre­
quency co and the amplitude or the maximum deflection Wmax is, by virtue of the perturbation
technique

(22)

where Wmax is the ratio of Wmax to panel thickness h,
In the postbuckling case eqn (14) reduces to

(23)

When r::: Wo ::: 0, this equation is simplified to yield
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Table I. Numerical values of clastic constants

Material E{,E7 Gu lE7 "LT

Glass epoxy 3 0.6 0.25
Boron--{:poxy 10 ]i3 0.22

Graphitc--{:poxy 40 05 0.25
Isotropic I 0.377 0.316

Table 2. Comparison of fundamental linear frequency parameters

w(Ola 2J(PID) for values of alb of

Reference 113 0.4 0.5 2/3 1.0 1.5 2.5

Present 16.92 17.45 18.46 20.81 28.30 46.8! 109.0
[8] 16.72 17.22 18.16 20.39 27.10
[9] 16.85 19.95 27.06 44.89 105.3

(24)

(25)

is the non-dimensional critical buckling load with Ncr being the critical buckling load per
unit length in the x-direction. Thus no buckling phenomenon of a cylindrical panel will
occur if either the initial imperfection or the in-plane edge force in the y-direction appears.

NUMERICAL RESULTS AND DISCUSSIONS

Numerical calculations for non-linear vibration and postbuckling of shallow cylindrical
panels were performed by Cyber 175 for isotropic, orthotropic and symmetrically laminated
composite materials with two adjacent edges loosely clamped (C) and the other edges simply
supported (SS). The laminated panel under consideration consists of an odd number of
thin orthotropic plies all of the same thickness. Elastic constants typical of glass-epoxy
(GL), boron-epoxy (BO) and graphite-epoxy (GR) materials are given in Table I, where
EL and Er are principal moduli of elasticity of an orthotropic material, GLT is the shear
modulus, and VLr is Poisson's ratio. In computation the constant An in eqns (3), (5), (21)
and (25) is replaced by Erh without affecting the form of the other equations. In eqn (6)
we take WI I = I and W I3 = 0.01 and all other Wmn = O. The first 16 terms in each truncated
series in eqn (8) for the stress function are taken into account. The present choice of Wi;

results in the fundamental mode of deformation and the maximum deflection is found to
occur nearly at the point, , = '1 = 0.6. In addition, the in-plane force ny is assumed to vanish
in the arc direction.

The present results for fundamental linear frequencies ofan isotropic flat plate (KR = 0)
having different aspect ratios are compared in Table 2 with available data[8,9]. In the
table D represents the flexural rigidity of the plate. The maximum difference between the
corresponding set of values is 4.6%. New results are presented graphically in the following.

In the presentation of numerical results for non-linear free flexural vibration the
ratio of the fundamental non-linear frequency w to the corresponding fundamental linear
frequency w(O) is used in the plots. Thus the values of the fundamental linear frequency
parameter Wo are presented in Table 3 such that the fundamental non-linear frequencies
shown in Figs 2 and 3 can be evaluated. In the table, symmetrically laminated cross-ply
cylindrical panels are represented by CPo The amplitude-frequency response curves for
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Fig. 2. Effect of the panel curvature on the fundamental non-linear frequencies of perfect isotropic
and boron--epoxy orthotropic cylindrical panels (alb = I, n, = 0).
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Fig. 3. Effect of uniaxial tension on the fundamental non-linear frequency of a perfect five-layer
cross-ply glass--epoxy cylindrical panel (alb = I, KR = 15).

Table 3. Linear frequency parameters W o for cyl-
indrical panels

Fig. 2 Fig. 3

KR Isotropic 80 n, CP

0 8.665 15.88 0 12.56
5 8.769 15.97 20 20.11

10 9.175 16.25 50 27.83
20 10.565 17.30 100 37.30

1129

isotropic and orthotropic cylindrical panels are shown in Fig. 2 for various values of the
non-dimensional curvature KR.- The result for KR = 0 is the one for a flat plate. The linear
and non-linear frequencies of these panels both increase with an increase in the curvature.
The non-linear frequency of an orthotropic boron-epoxy panel obtained from Fig. 2 and
Table 3 is roughly two times greater than that of the corresponding isotropic panel for
KR ~ 20 although the frequency ratio, ro/ro(O), is higher for the latter than for the former.
It may be observed that the result for the boron-epoxy flat plate (KR =0) is approximately
close to the average of the corresponding non-linear (or linear) frequencies for all-simply
supported and all-clamped edges[IO] in the range of the values of the amplitude considered.
Figure 3 iIlustrates the dynamic behaviour of a symmetric cross-ply cylindrical panel
composed of five layers of equal thickness for various in-plane forces in the direction of
straight edges. Both linear and non-linear frequencies of the panel increase with the in­
plane force although the frequency ratio does not behave so.



1130 CoY. CHIA

35r---------------...,
ISOTROPIC ------

GLASS· EPOXY

,..,~ 25
I-

LIJ
.....

N
.c

"c: 15
I

Wmox / h

Fig. 4. Postbuckling load--<ieflection curves for perfect isotropic and graphite-epoxy orthotropic
cylindrical panels of different curvatures (alb = I).
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Fig. 5. Postbuckling load--<ieflection curves for a three-layer cross-ply giass-epoxy cylindrical panel
of different initial imperfections (alb = I, KR = 20, Wm• = 0 for m, n > I).

The relationship between the postbuckling load and the maximum deflection is shown
in Figs 4 and 5 for cylindrical panels. Figure 4 illustrates the effect of the curvature on the
postbuckling behaviour of isotropic and orthotropic cylindrical panels under uniaxial
compression in the direction of straight edges. The values of (-nJ at Wmax = 0 are the
critical buckling loads. The maximum deflection of a flat plate (KR = 0) increases with the
postbuckling load in the range of the values, wmax/h ~ 4. The postbuckling load-carrying
capacity of a cylindrical panel, however, firstly decreases and then increases with the
deflection. This decrease in the load-carrying capacity is considerably significant for panels
with curvatures, K R > J5. The result for isotropic and glass-epoxy flat plates is, respectively,
close to 89 and 91 % of the average of the corresponding postbuckling loads (or critical
loads) for all-simply supported and all·loosely clamped edges[ll-13]. This percentage
decreases slightly with increasing the postbuckling load in the range of values, Wmax ~ 4.
The effect of the initial deflection on the postbuckling load-deflection response of a lami­
nated cross-ply cylindrical panel composed of three layers of equal thickness is shown in
Fig. 5. The first term in eqn (7) for the initial deflection is taken into account. The amplitude
of the initial deflection, Wo = I, is equal to the panel thickness. The result for Wo = 0
corresponds to that for a perfect cylindrical panel. As in the case of initially deflected
plates no buckling phenomenon occurs for a cylindrical panel of geometrically initial
imperfections. This is because a constant term 15 3 appears in the denominator of eqn (23).
Evidently a large value of Wo requires a large load for a given deflection of the panel.

CONCLUSIONS

By the use of dynamic Marguerre-type equations a single-mode analysis is carried out
for symmetrically laminated cross-ply shallow cylindrical panels of geometrically initial
imperfections having two adjacent edges simply supported and the other edges clamped.
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The corresponding postbuckling problem is treated as a special case. Based on the present
analysis some concluding remarks may be drawn.

The fundamental linear and non-linear frequencies of homogeneous and laminated
cylindrical panels increase as the curvature or the in-plane edge tension increases. The
present result for an orthotropic boron-epoxy flat plate is approximately close to the
average of the corresponding non-linear frequencies for all-simply supported and all-loosely
clamped edges.

The postbuckling load-carrying capacity of perfect homogeneous and laminated cyl­
indrical panels firstly decreases and then increases with the maximum deflection. This
decrease in the load-carrying capacily is signilicanl for b2/Rh > 10, especially for large
curvatures. As in the case of flat plates no buckling phenomenon occurs for a cylindrical
panel of geometrically initial imperfections. For a given deflection of a cross-ply cylindrical
panel a large postbuckling load is required for a large initial deflection. The present result
for isotropic and orthotropic glass-epoxy flat plates is, respectively, close to 89 and 91 %
of the average of the corresponding postbuckling loads for all-simply supported and all­
loosely clamped edges.
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APPENDIX

Constan ts Ks and Ls in eqns (12), (13) and (15)-(20) are given by

Kif = !o' XiX;' de

Kf =l' XiX; de

K";" =L' Xil/Jml/J;' de

L~' =L' Yjl/!. d'1

K';' = L' I/Ji¢m de

Kt = !o' XjX~ de

K';" = fa' X,I/J;'I/J; de

K':' = L' X,¢':.. de

K'i = fa' ¢i¢~V) d{

K'io =L' ¢/I/J;:: de
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Ki~', = J' I 4)"~;,, ds
(,

K'f =I'A.X"d¥13 If't p ~

o

K,mp = I' A..A.' x' d ¥15 'P1'f'm p I,
o

/('"'' = I' A. A." d"12 If','P,,, I:-
o

K,mr = I' A. A. V" d-14 '+'1lf'm.l1 p I,
o

K',. = f.' <Pi d(

and the other Ls are obtained by replacing K, i, m, p, rand' in the above corresponding expressions for Ks b]
L,j, n, q, sand fJ, respectively. In these expressions primes denote differentiation with respect to the corresponding
coordinate.


